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Abstract-A new concept in modeling multi-dimensional fluid flow and mass transfer in the liver utilizing 
principles from porous media theory is introduced. From this model, a distribution of the pressure and 
velocity values is obtained for fluid in the microvasculature. The velocities for the fluid are then incorporated 
into a muIti~mension~ conse~~tion of chemical species equation. A dist~bution of the chemical species 
concentration in the fluid and the tissue is then determined using an equation which describes the mass 
transfer process across the cell membrane. Several parametric studies which included the effects of the 
vascular architecture on pressure and flow dist~bution, and the response to a step change in the inlet 

chemical species concentration are conducted to determine the sensitivity of the model. 

INTRODUCTION 

MAJOR functions of the liver in&de effective uptake 
of chemical substances, their subsequent storage, 
metabolism, biotransformation, and distribution to 
the blood and bile [l]. The rate at which the liver 
performs these functions is of ~~0~~~ in various 
disciplines. In liver physiology, these rates are impor- 
tant in cha~cte~~ng various chemical species and 
in predicting hepatic response to various external 
stimuli. In pharmacology, the quantitative uptake of 
drugs is important in determining dosage require- 
ments for drug delivery. In treating liver diseases such 
as hepatitis, cancer, and cirrhosis, determining the 
drug distribution within the liver becomes important 
because treatment is effective only if affected areas 
receive adequate dosage. For example, treatment of 
Hepatitis B Virus (HBV) with antiviral agents has 
been effective in suppressing virus replication. How- 
ever, in most cases this effect has been transient 
and active virus replication resumed after withdrawal 
of the drug [Z]. An inadequate dosage of drug to the 
affected area could be one possible factor among a 
number of others which may allow viral replication 
to resume. 

Mass transfer of chemical species into and out of 
the hepatocytes (liver cells) occurs at the level of the 
hepatic acinus, a repetitive microvascular unit of hep- 
atic parenchyma [3]. The acinus in Fig. 1 (a) is a com- 
plex multi-dimensional array of hepatocytes, sinu- 
soids (capillary network), portal triads (terminal portal 
venule, terminal hepatic arteriole, and bile duct), and 
hepatic venules [4]. Mass transfer at the micro- 
circulatory level between fluid and cells has been 
shown to be complex and nonuniform [5]. Con- 
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centration gradients of chemical species vary non- 
uniformly both in the fluid and tissue between the 
portal triads and the terminal hepatic venule [4, 51. 
Fluid flow through the hepatic acinus is also complex. 
From a global view, flow appears to be unidirectional 
occurring from the terminal portal vein and hepatic 
artery through the sinusoids to the peripheral hepatic 
vein. However, at the microcirculatory level, this is not 
the case. Numerous branches and inter~nne~tions [6] 
between sinusoids coupled with the irregular geometry 
of the acinus increases the complexity of fluid flow. 

At present, there are no models which attempt to 
simulate mass transfer of chemical species between 
fluid in the sinusoids and the hepatocytes at the 
microcirculatory level. Most mass transfer models of the 
liver do not study the detaits of the ~crovascuiature. 
Currently, there are four models widely used to simu- 
late uptake of chemical species in the liver: (a) the 
well-stirred or venous equi~b~um model [7], (b) the 
parallel tube or sinusoidal perfusion model [g], (c) the 
distributed model 19,101, and (d) the dispersion model 
[l 11. In general, these models attempt to understand 
input/output relationships of chemical species util- 
izing indicator-dilution curves obtained from data of 
venous outflow following the simultaneous injection 
of tracers into the arterial or portal inflow. The well- 
stirred model [7] assumes all cells in the liver see the 
same con~ntration simultaneously. This model is 
effective for analyzing responses to a step change in 
chemical species at the inlet flow. However, it is not 
consistent with the observed behavior of outputs fol- 
lowing an impulse input of chemical species [ 1 I]. The 
parallel tube model [g] assumes that the liver can be 
represented as a single cylindrical tube of constant 
radius. Under this assumption, the response to an 
impulse input of a non-permeating chemical species is 
an impulse at the output, as opposed to Gaussian-like 
cures obtained from ex~~men~l results [9, lo]. The 
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NOMENCLATURE 

C concentration of chemical species x, y, z Cartesian coordinates. 

4 average diameter of sinusoids 
D diffusion coefficient of chemical species Greek symbols 
h time step size l- boundary of the domain 
k hydraulic permeability of the porous 

; 

porosity of the porous media 
media interpolation function 

L, characteristic length of a sinusoid n domain of the acinus. 
II4 n x n stiffness matrix 

Mil specified mass flux Subscripts 
n normal direction 0 initial or reference values 
P local fluid pressure f fluid properties 
p, cell membrane permeability i summation, time index 
Pe, mass transfer Peclet number n dimension of the system 
Q n x n matrix S properties in the sinusoids 
Red3 Reynolds number in the sinusoids t properties in the tissue 

S n x n matrix x, y, z properties in the x-, y-, and =-directions 

S, surface area of hepatocytes under vector parameter. 

t time 
u, v, w fluid velocity in the x-, y-, and Z- Superscripts 

directions i index 
V volume of sinusoids and tissue * dimensionless variable. 

distributed model [Y, lo] attempts to simulate the do not permit lateral exchange of solute between 
morphological arrangement of capillaries in the liver regions having different velocities or direction of flow. 
by utilizing a mathematical distribution of the parallel The dispersion model [l l] attempts to simulate the 
model whereby the capillaries have variable length. whole liver as a packed bed. Thus, it includes an axial 
Distributed models exhibit some limitations since they dispersion term to represent the non-ideal flow in the 

(a) 

TPV 
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FIG. 1. (a) Hepatic acinus : PV, portal vein ; HA, hepatic artery ; portal triad (BD. bile duct ; TPV, terminal 
portal venule; THA, terminal hepatic arteriole) ; S, sinusoids; H, hepatocytes; THV, terminal hepatic 
venule: 1, 2, and 3 designate the different zones in the acinus. (Published with permission from J. J. 
Gumucio, Functional and anatomic heterogeneity in the liver acinus : impact on transport, Am. J. Physiol. 
244 (Gastrointest. Liver Physiol., 7), G5784582 (1983).) (b) Finite element grid simulating hepatic 
acinus. Longer base represents a terminal portal venule (TPV), and shorter base represent a terminal 
hepatic venule (THV). A, B, and C indicate the radial lines along which pressure, velocity, and concentration 

are plotted. 



A multi-dimensional model of momentum and mass transfer in the liver 2423 

conservation of mass equation. Fluid in the dispersion 
model and in the other models is characterized as 
a constant bulk velocity through the liver. Given 
branching and interconnections among sinusoids, a 
constant velocity may not describe the flow patterns 
accurately. In general, these models give useful 
information from output data about hepatic clear- 
ance ; however, they cannot predict the concentration 
distribution of chemical species relative to position in 
the hepatic acinus following their uptake. 

The limitations of current models and the need for 
a more accurate understanding of the concentration 
distribution in the liver have led us to the development 
of a new concept in the modeling of fluid flow and 
mass transfer in the liver acinus. Well-established 
studies show that within the acinus approximately 
80% of the volume is composed of hepatocytes and 
the rest by extracellular fluid [I]. Morphological stud- 
ies and analysis with silicon rubber casts also show 
that the sinusoids from richly anastomotic channels [6], 
indicating that fluid flow through the acinus traverses 
a tortuous path. From these observations, the liver 
acinus can be characterized as a porous bed of hepa- 
tocytes. Our new model applies fluid flow and mass 
transfer principles from porous media theory to the 
hepatic acinus. This method can be used to determine 
local velocities and pressure. The velocities can then 
be incorporated into the general conservation of 
chemical species equation for chemical species in the 
fluid. Then coupled with an equation governing mass 
transfer across the cell membrane for a given chemical 
species, a concentration distribution for the species 
can be determined for the fluid and the tissue. 

The advantage of using porous media theory is that 
the complexity of the acinus can be modeled relatively 
easily. This is done by introducing certain average 
physiological parameters (i.e. ‘hydraulic permeabil- 
ity’, porosity) which describe the local physical 
properties within the acinus. In addition to pre- 
senting the new model, the finite element method is 
used to simulate fluid flow and mass transfer in a 
realistic geometric representation of the liver acinus. 
To illustrate this model utilizing the finite element 
method, we apply the analysis to a simplified two- 
dimensional representation of the hepatic acinus. 

ANALYSIS 

The derivation of the fundamental equations for 
the analysis of momentum (fluid flow) and mass trans- 
fer in the liver acinus modeled as a porous media will 
be presented. Based on scanning electron micrographs 
of the structure [12], the hepatic acinus can be charac- 
terized as a bed of porous material. A porous 
medium is defined as any material that contains pores 
and/or interconnected channels [6]. Fluid flow in this 
medium is characterized by the ‘hydraulic per- 
meability’ of the vasculature and the pressure drop 
across it. The ‘hydraulic permeability’ of the vascu- 
lature to a specific fluid is a measure of resistance 

to flow, and is a function of the porosity (ratio of 
flow area/total area), the tortosity (ratio of path 
length/direction length), and the viscosity of the fluid. 

Momentum transfer Cjluidjlow) analysis 
The condition for utilizing the porous media theory 

for the momentum transfer (fluid flow) analysis is that 
the typical Reynolds number, Re,, (u,d,/v) for flow 
in the porous media must be less than one [ 131. When 
the value of the Reynolds number is less than one, 
viscous forces dominate and thus the fluid can be 
assumed to flow parallel to the walls of the channel. 
In addition, as fluid passes through the tortuous chan- 
nels no eddies develop as a result of sharp curves 
or corners. Velocity profiles within the sinusoids are 
assumed to be flat and nonvarying in the radial direc- 
tion. The equations governing flow in a three-dimen- 
sional porous material can then be obtained from 
Darcy’s law [ 131 

u 6, Y, 4 = Mx, Y, 4 g 

4x9 y, 4 = ky (x, y, 4 cf ay 

W(X,Y, 4 = kAx,y, 4;. 

(14 

(lc) 

The velocities U, v, and w, are local velocities defined 
in terms of the derivatives of the local pressure P 
in different Cartesian coordinates, x, y, and z. The 
hydraulic permeabilities k,, k,,, and k, are only a 
function of position within the domain. Therefore, 
a local change in architecture of sinusoids can be 
incorporated into the model. 

Since the fluid is incompressible, the porous 
medium does not deform for small pressure changes, 
and the flow is steady the continuity equations for 
fluid flow reduce to [ 141 

au au aw 
-+-++=o. 
ax ay 

Substituting the expressions for the velocities, equa- 
tion (I), into the continuity equation (2), the equation 
for the pressure distribution in the liver acinus 
becomes 

~(k~~)+~(k~~)+~(k*~)=O (3) 

in Q(x, y, z) where R is the domain. Typical boundary 
conditions consist of 

P(T,) = PO specified pressure on I0 

and 

am-d 
___ = V,, specified fluid flow velocity on r, 

an 

where I0 u I, specifies the boundary. With knowl- 
edge of the hydraulic permeabilities, these equations 
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can be solved to determine local values of pressure for 
any three-dimensional geometry of the liver acinus. 
Then, the local fluid velocities can be determined from 
Darcy’s law, equation (I). 

Transport mass transfer analysis 

The transient mass transfer analysis will atempt to 
determine the distribution of chemical species both in 
the fluid and in the tissue. This will involve the coup- 
ling of the general transient conservation of chemical 
species equation in the fluid with an equation govern- 
ing mass transfer of the species across the cell 
membrane. The diffusion-convection equation for 
conservation of chemical species, cr, in the fluid can 
be established from a macroscopic mass balance in a 
control volume that contains blood vessels and sur- 
rounding tissue 

with the initial and typical boundary conditions of 

C,(Q, 0) = C,(Q) specified initial concentration 

C&F,, t) = C,(t) specified concentration on To 

8C,(F, 7 0 
an 

= M,(t) specified mass flux on F, 

where Q is the domain and Fc u F, specifies the bound- 
ary. This equation includes the diffusi~ties of the 
chemical species, I),, D,, and II=!;, and the velocities u, 
v, and w obtained from the fluid flow analysis. The 
term 

a v, -- 
at vfct ( j 

is the net change in the fluid chemical species con- 
centration exchanging with the tissue. 

The mass transfer Peclet number, Pe,,,, (u,L,/D,) 
is defined as a ratio between two modes of species 
transport : convection and diffusion [15]. When the 
Peclet number is greater than one, convection domi- 
nates the conservation of chemical species equation 
(4) and the equation reduces to 

.~+v~+w~++~ctj. (5) 

This reduction requires a change in the order of the 
boundary conditions to be consistent with the physics 
of the problem. The condition becomes 

CFKO, 0 = C,(t). 

The second transient term in equations (4) and (5) 

is associated with the net loss or gain in chemical 
species in the perfusing fluid per unit volume to the 
surrounding tissue. The net change in chemical species 
can be associated with a number of mechanisms such 
as : (I) simple diffusion across the cell membrane, (2) 
metabolism of the chemical substrate, or (3) osmotic 
transients caused by high species concentration. The 
simple diffusion of nonmetabolites into cells is 
governed by Fick’s law and can be implemented fairly 
easily [16]. The Michaelis-Menten law governs the 
rate of biochemical metabolism for various species 
117,181. These relative rates can affect the steady-state 
concentration of the chemical species in the tissue 
significantly. For species movement due to osmotic 
transients, principles derived from irreversible ther- 
modynamics can be applied [ 191. 

In order to illustrate the method of analysis, we 
will analyze simple diffusion of nonmetabo~ites as the 
mode for mass transfer across the cell membrane from 
the fluid. This process is then governed by Fick’s law 

ac,kY, Z. 0 es, 
at 

= --y- (C&,Y, GO - G (x3 YT Z? 0) 
t 

where C, and C, are the concentration of the species 
in the tissue and the fluid, respectively, P, the species 
permeability across the cell membrane, S, the surface 
area of the tissue, and Vt the volume of the tissue. 
Based on these sets of equations (l)-(6), moments 
and mass transport of chemical species through the 
acinus can be calculated and local values of pressure, 
velocity, and concentrations provided. 

NUMERICAL ANALYSIS 

The equations which couple momentum and mass 
transfer through the hepatic acinus with mass trans- 
port across the cell membrane form a set of boundary 
value problems, These problems can be solved 
numerically using the finite element method (FEM) 
PO]. The advantage for using such a method over 
others is its adaptability to real geometries. A stan- 
dard procedure for implementing the finite element 
method is presented. 

Finite element methodfor momentum transfer 

The Galerkin formulation of the momentum trans- 
fer problem will be briefly presented. The fo~ulation 
is welt known and the details on the derivation can be 
found in numerous texts (see ref. [20]). We let 

P(x,y,z) w P,(x,y,z) = i Pi4,(X,YfZ) = on (7) 
,= I 

and the test function 

6P” = c GP&(x, y, 2) = @,‘SP, 
i- 1 

where &(x, y, z) is the interpolation function and 4, 
P,, and 6P, are n x 1 vectors. Upon integration of 



A multi-dimensional model of momentum and mass transfer in the liver 2425 

equation (3) over the domain R, we obtain the matrix Peclet number is large is a reduction of the general 

equation equation above. The equation simplifies to 

where 

Given that the finite element formulation is of the 
order of C’ with respect to the space variables, con- 
tinuity of the pressure values from element to element 
must be met [20]. The information obtained will give 
values of the pressure at the various prescribed nodes. 
From pressure values, the velocity distribution can be 
obtained from a discretized Darcy’s law equation (1). 

Finite element methodfor mass transfer 

The finite element formulation for the conservation 
of chemical species, equation (4), contains additional 
convective and time-dependent terms and is also well 
known [20]. In the Galerkin formulation, we let 

= i Cti(Wi(x, Y, z, 0 = 9TC, (9) 
i= I 

and the test function 

scf” = i 6cfid+(x,Y,z) = 4T6cfn 
I= 1 

where Cf,,, C,, 4, and SC& are n x 1 vectors. We obtain 

given the same definitions for the &,=. Again the 
problem can be solved given the appropriate bound- 
ary conditions. The continuity conditions for this for- 
mulation are the same as for the pressure formulation 
and the solution is obtained in terms of the con- 
centration of the chemical species in the fluid at the 
different nodes. 

The formulation for the case when the mass transfer 

+3wan]cfn = SC’, [swan] 
x [;(cf*+ +)I. (11) 

Upon substitution of equation (6) for X,/at in equa- 
tion (11) and rearranging, the matrix equation for this 
finite element first-order Euler forward integration 
scheme becomes 

[&~IxC;~+[Q]XC:, = [5JxC:,” (12) 

where [w, [Q], and [5J are n x n matrices, and the C, 
and C, are n x 1 vectors. The update of the terms C, 
depends on the numerical approximations of Fick’s 
law. In this work, a simple first-order Euler forward 
integration scheme [22] is used for equation (6) 

where h is the time stepsize and i the step number. 
Equations (12) and (13) can be solved iteratively to 
obtain the values for the chemical species con- 
centration in both the fluid and tissue. A detailed 
derivation of the formulations given in this work can 
be found in ref. [22]. 

SIMULATION 

To illustrate the new concept in modeling, fluid flow 
and mass transfer is numerically analyzed in a two- 
dimensional representation of the liver acinus. Figure 
l(a) shows Rappaport [3, 231 and Gumucio’s [24] 
conceptualization of the liver acinus and Fig. l(b) 
shows the finite element grid used for the numerical 
analysis. The configuration analyzed in this work is 
that of a terminal portal triad which runs per- 
pendicular to the terminal hepatic venule and the area 
between the two blood vessels filled with sinusoids 
and hepatic parenchymal cells. The finite element grid 
attempts to simulate this geometry. Note that the 
grid is variable in space, but invariant in time. This 
particular division was used to provide comparable 
accuracy in both the x- and y-directions over the 
whole domain. The letters A, B, and C denote the 
radial lines along which the pressure, velocity, and 
chemical specie concentration are plotted. They will 
be referred to repeatedly in association with the simu- 
lated results. 

Both the governing equations and the finite element 
formulations are reduced to two dimensions. In the 
pressure analysis, flow rate along the terminal portal 
vein is low. Based on typical values for velocity, vein 
diameter and length, the pressure drop along the vein 
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Table 1. Characteristic constants and parameter values 

Name Symbol Value References 
-.. 
Pressure portal vein 
Pressure hepatic vein 
Porosity 
Length of sinusoid 
Diameter of sinusoid 
Surface area/volume tissue 
Permeability in x-direction 
Permeability in y-direction 
Characteristic velocity 
Membrane ~~eability 
Characteristic time 
Specie concentration 
Kinematic viscosity 
Diffusion coefficient 

6cmH,O 
2 cm Hz0 
0.11 
3.0 x 10m4 m 
7.0x IO-‘rn 
556 cm-’ 
4.3x10-9mJN-‘s-’ 
2.6x 10m9 m4 N-’ s-” 
3.0 x 1O-3 m s- ’ 
4.8x IO-‘ems- 
50 s 
1% vol. 

18 
18 
17 
13 
17 
16 
25 
2.5 
25 
1 

2.72 x lo-’ m2 s-’ 
6.7 x 10-r’ m* s-’ 

24 
1 

is less than 5%. Since flow in the terminal hepatic vein 
occurs perpendicular to the plane of the figure, no 
pressure is expected across the vein. Thus constant 
pressure conditions are assumed along the terminal 
portal vein and in the terminal hepatic vein. The values 
for the pressure conditions are obtained from litera- 
ture [25] and are tabuiated in Table 1. Each terminal 
hepatic vein has fluid from several acinii which flow 
into it. There is intermixing of fluid along the edges 
of each acinus. Since each acinus encounter similar 
pressure boundary conditions along the terminal por- 
tal vein and in the hepatic vein, from geometric argu- 
ments the resultant net flux across this boundary is 
minimal. We impose an adiabatic condition along the 
two sides of the grid. 

For the chemical species analysis, the reduced for- 
mulation of the chemical species equation (IO) is used 
because the typical mass transfer Peclet number in the 
liver for some chemical species (i.e. glucose, sucrose, 
mannitol) is greater than 100 [15,26]. As a result, only 
inlet fluid concentrations are needed to satisfy the 
boundary condition. 

The numerical analysis is performed using dimen- 
sionless variabies in order to facilitate a more general 
presentation of the results. Table 2 provides the defi- 
nition of the dimensionless variables used in this work. 

The absolute variables (i.e. x, y, pressure P, fluid 
concentration Cr, and tissue concentration C,) have 
been normalized with respect to characteristic con- 
stants. For example, the dimensionless pressure, P*, is 
defined as the difference between the absolute pressure 
and the pressure at the hepatic vein normalized by the 
difference between the portal vein and the hepatic vein 
pressures. The other dimensionless variables are also 
normalized with their respective characteristic con- 
stants given in Table 1. 

The following is a brief description of the numerical 
computation scheme. The indi~dual grid elements 
were mapped into eight node isoparametric elements 
and a five-point Legendre-Gaussian quadrature 
scheme was used for the numerical integration [20]. A 
halving method for grid reduction was used to deter- 
mine the appropriate grid spacing. The finite element 
scheme provides an accuracy of the order of 6x’ and 
6y2 locally and 6.x and 6y globally [ZO]. 

The equations were solved on a VAX 11/750 
minicomputer. The complete computer program can 
be found in ref. [22]. The following procedure was 
employed in the simulation. First, the pressure and 
velocity values at the nodes were determined from the 
solution of equation (9). Then the velocities of the 
fluid were incorporated into the reduced conservation 

Table 2. Dimensionless numbers and variables 

Name Symbol Expression 

Reynolds 
Peclet 
Pressure 
Velocity 
Time 
Con~ntration 
x-Direction 
y-Direction 
Permeability in x-direction 
Permeability in y-direction 

t f is the fluid and t the tissue. 
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of species equation (12) to determine the chemical 
species concentration in the fluid and tissue. Given 
that influx fluid concentration is known for each time 
step, the concentration distribution could be deter- 
mined provided the time-de~ndent term is known. 
The time-dependent term is evaluated simultaneously 
with the solution to equation (12) from the Euler 
integration of Fick’s law. Since this numerical scheme 
is explicit, the solution marches forward in time from 
one time step to another. As a result, an automatic 
time step controller is used to prevent instability from 
occurring. The chemical species distribution was then 
calculated simultaneously for each element in both 
the fluid and the tissue. 

RESULTS AND DISCUSSION 

Solutions are obtained from the numerical scheme 
for the fluid flow and chemical species distribution in 
the two-dimensional geometric representation of the 
liver acinus. This study includes a parametric inves- 
tigation of the effects of hydraulic permeability on 
the pressure and velocity dist~bution. The hydraulic 
permeability has physical significance and its effect on 
pressure and velocity distribution are important. It 
is known that flow through the sinusoids traverse a 
tortuous path [23]. If the tortuosity and porosity of 
the acinus remain the same throughout the acinus, 
then the permeability remains a constant. However, 
studies have shown that towards the hepatic vein, the 
path becomes more radially converging and the cross- 
sectional area of the sinusoids increases [6, 271. Both 
these changes would increase the hydraulic perme- 
ability. 

This study also investigates the dynamic response 
to a step change in the chemical species con~ntration 
flowing into the liver acinus. The step response will 
provide information on the two-dimensional chemical 
species distribution in the tissue and the fluid as well 
as the concentration variation in the effluent. Overall 
these results should provide insight into the sensitivity 
of the model to the various parameters as well as a 
better physical understanding of the multi-dimen- 
sional mass transfer process in the liver acinus. 

Eflects of hydraulic permeability on pressure and fluid 
velocity 

Figure 2 is obtained from the solution of equation 
(9). It shows a plot of constant pressure (isobaric) 
lines throughout the acinus with three varying hy- 
draulic permeabilities : a constant permeability 1 .O, a 
linearly increasing permeability from 1.0 to 1.2, and 
a linearly increasing permeability from 1.0 to 1.5. 
There is a pressure drop of 0.1 dimensionless pressure 
between each set of lines from the inlet (terminal por- 
tal venule) to the outlet (terminal hepatic venule). 
This figure shows the two-dimensional behavior of 
the pressure distribution, which from the imposed 
boundary conditions is symmetric about the center- 

line. Note that for a given hydraulic permeability, the 
relative distances between isobaric lines decrease from 
the inlet to the outlet. This would indicate that the 
pressure gradient becomes steeper close to the outlet. 
For a given pressure, the constant hydraulic per- 
meability isobaric line is located closer to the inlet than 
lines with a linearly increasing permeability. Although 
the variation in permeability does not shift the isobaric 
lines significantly, the pattern of the shift is regular. 
This behavior of the pressure distribution is more 
easily seen in Fig. 3. 

Figure 3 is a plot of the pressure along the three 
radial lines A, B, and C as a function of the dimen- 
sionless distance x*. They represent the center, the 
periphery, and an area midway between the two. The 
results are for two different hydraulic permeabilities : 
the constant permeability and the linearly increas- 
ing ~~eability from 1.0 to 1.2. Note that the pres- 
sure drop along the centerline, C, is almost linear. 
However, along the periphery, A, the initial slope of 
the pressure line is almost zero, and it ends with a very 
steep drop toward the outlet. The nonlinearity of the 
pressure lines is a function of position within the 
acinus. This accounts for the two-dimensional dis- 
tribution of the pressure. The shapes of these curves 
resemble qualitatively those obtained from exper- 
imental measurements [2.5]. 

The effects of a varying permeability can also be 
seen in this figure. At a given axial location, the lin- 
early increasing hydraulic ~~eabiiity pressure is less 
than the constant permeability pressure. Along C, the 
pressure gradient becomes.more linear. Along A, the 
initial slope is steeper, and the outlet pressure drop is 
not as large. Again, the shifts in pressure lines are not 
significant, but the pattern is regular. 

Figure 4 shows the fluid velocity dist~bution and 
the effects of the variable hydraulic permeability on 
the distribution. The curves represent the magnitude 
of the flow velocities along the same radial lines as the 
pressure curves in Fig. 3. Again, note that the vel- 
ocities are not uniform and display a wide range of 
values. The magnitude of the velocity is the product 
of the first derivative of the pressure along the path 
length and the hydraulic permeability (Darcy’s law). 
Note that the velocities close to the inlet are lower in 
value than the velocities near the outlet. This would 
qualitatively be consistent with the predictions from 
previous experimental studies [6,27l. The plot shows 
that the velocity along the centerline, C, is almost a 
constant near the inlet and gradually increases toward 
the outlet. At the periphery, the fluid velocity along 
A initially is almost zero, which coincides with almost 
no pressure drop near the inlet. Since the curvature 
of the pressure plot is greater for the periphery than 
along the other radial lines, the velocity increases 
sharply toward the outlet. 

The effects of the hydraulic permeability on the 
velocity of the fluid can also be seen in this figure. 
This is best illustrated by the velocity along radial line 
C. The flow with an increasing hydraulic permeability 
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1 

- permeability k = 

-.-.- pemeabil$ty k = 

--- pemeabilfty k = 

1.0 

1.0 + 0.2 x* 
1.0 + 0.5 x+ 

FIG. 2. Plot of isobaric lines in liver acinus with increments of 0. I P*. The different line styles represent a 
constant ~~eability of I .O, a linearly increasing permeability from I .O to 1.2. and a linearly increasing 

~rmeabi~ty of 1 .O to 1 S. 

starts at a higher velocity than the flow with a constant 
permeability. This corresponds to a larger pressure 
gradient near the inlet. Toward the outlet, even 
though the pressure gradient is fess for the increasing 
permeability, the velocity is still higher. This occurs 
because the permeability is linearly increasing. These 
results illustrate the importance of the microvascular 
structure in controlling the fluid flow in the liver 
acinus. This part of the study also demonstrates the 
potential of this new model to study and understand 
in greater detail the flow properties in the hepatic 
acinus. 

Response to step change in inlet chemical species 
concentration 

The remainder of this study deals with mass trans- 
port in the liver. We will present results for the fluid 
and tissue concentration distribution in the liver aci- 
nus for a step change in the inlet species concentration 
from 0 to 1. Figure 5 shows the isoconcentration lines 
in the fluid 0.10 dimensionless time after the step 

change in the inlet condition. Each line represents an 
equal increment of species concentration from the inlet 
to the outlet. Note that the concentration of chemical 
species in the fluid is nonunifo~ and exhibits a two- 
dimensional behavior. For a particular concentration, 
the location for that concentration close to the center- 
line occurs further downstream than for those areas 
close to the periphery. Near the periphery, the species 
concentration in the fluid is nearly depleted a short 
distance away from the inlet. 

The effect of such a distribution on the tissue 
can be readily seen in Fig. 6 which is a plot of iso- 
concentration lines in the tissue also 0.10 dimen- 
sionless time after the step change. Close to the inlet, 
the areas away from the centerline have an overall 
higher tissue concentration. A transition does occur 
toward the middle of the acinus where the centerline 
concentration exceeds that of the surrounding fluid. 
This behavior is a direct result of the distribution of 
the chemical species in the fluid. From Fig. 5, the 
concentration gradient in the fluid close to the inlet is 
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T 0 8.4- - permeability k = 1.0 
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FIG. 3. Plot of dimensionless pressure P* vs dimensionless x* along radial lines A, B, and C. The different 
line styles represent a constant permeability of 1 .O and a linearly increasing permeability from 1 .O to 1.2. 

quite sharp for areas near the periphery. This would 
indicate that the concentration in the fluid has 
depleted rapidly and is transported into the tissue 
across the cell membrane. Therefore, the tissue con- 
~ntrat~on in that region will be relatively high. The 
centerhne concentration gradient in the fluid is more 
gradual, as a result, a lower tissue concentration 
occurs in areas near the inlet. However, the depletion 
of the chemical species in the fluid near the periph- 
ery results in a low tissue concentration further 

downstream. Areas close to the centerline do not have 
this problem because the chemical species do not 
deplete so drastically. 

At later times, the behavior of the concentration 
~st~bution changes. Figure 7 shows the isocon- 
centration lines in the fluid after 1.0 dimensionless 
time has elapsed. The shapes of the lines are quite 
different from those at 0.1 dimensionless time. Now, 
the centerline concentration is lower than for areas in 
the surrounding fluid. The shapes of the curves are all 

7.0 

permeability k x 1.0 

-._._ permaability k = 1.0 t 0.2 xc 

dimensionlass xy 

B 

FIG. 4. Plot of dimensionless velocity a* vs dimensionless X* along radial lines A, B, and C. The different 
line styles represent a constant permeability of 1 .O and a linearly increasing permeability from 1 .O to 1.2. 
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FIG 5. Plot of isoconcentration lines in the fluid for step 
change in inlet concentration at 0. I dimensionless time. 

rather regular with the periphery experiencing the 
highest fluid concentration. The curvatures of the lines 
remain circular even close to the outlet. 

Figure 8 shows the tissue isoconcentration lines for 
the same time. The shapes of the curves resemble those 
in the fluid. A high fluid concentration usually results 
in higher mass transfer to the tissue. Thus, the center- 
line concentration is lower than the surrounding 
areas. Again, the periphery experiences the highest 
concentration. Note however that toward the outlet, 
the curvature of the tissue isoconcentration begins to 
flatten whereas previously it was observed that the 
fluid isoconcentration line remained circular. 

The previous four figures show that the con- 
centration distribution of the species in both the fluid 
and tissue remains nonuniform and two-dimensional 
following a step increase in concentration in the fluid 
perfusing the liver acinus. Figure 9 is a plot of the 
fluid concentration during the step response vs the 
dimensionless distance Y* from the inlet along two 
radial lines, A and C, and at three different times 0.1, 
1.0, and 2.0. The curves representing the concen- 
tration along radial line A initially have a rapid 
decay. Then later in time, the fluid concentration in 
areas close to the inlet have reached the inlet condition 
and the shape of the curve becomes more sigmoidal. 

FIG. 6. PIot of isoconcentration lines in the tissue for step 
change in inlet concentration at 0.1 dimensionless time. 

Along radial line C, the concentration appears almost 
linear. Note that at eariy times, the centerline con- 
centration is substantially higher than the peripheral 
concentration, and at later times, the peripheral con- 
centration exceeds the centerline. This is consistent 
with the plots of the fluid isoconcentration in Figs. 5 
and 7. A transition occurs between the times 0.1 and 
1 .O where the peripheral concentration near the inlet 
is higher than the centerhne, but the opposite is true 
near the outlet. 

In Fig. 10, the tissue concentration is plotted vs the 
dimensionless distance .x*. The same location and 
times used are the same as those used in Fig. 10. At a 
dimensionless time of 0.10, the concentration along 
the periphery near the inlet is higher than the con- 
centration in the corresponding area along radial line 
C. There is. however, a crossover point in which the 
centerline concentration is higher than at the periph- 
ery. At later times, this crossover point travels toward 
the outlet. The periphery and centerline concentration 
near the outlet at these times are approximately equal, 
which is consistent with the isoconcentration curve 
near the outlet in Fig. 8. Note also, that there is a 
significant drop in tissue concentration near the out- 
let. The drop is much more prominent for the periph- 
ery than for the centerline. 
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FIG. 7. Plot of isoconcentration lines in the fluid for step 
change in inlet concentration at 1.0 dimensionless time. 

Factors which influence the concentration distribution 

The particular variations of the fluid and tissue 
concentration following a step change in inlet con- 
ditions are a result of three factors : the local flow rate, 
the path length, and the mass transfer rate into the 
tissue. The effects of these factors at earlier times 
were seen in Figs. 5 and 6. The flow rate at the inlet 
decreases from the centerline to the periphery. The 
path length increases from the centerline to the per- 
iphery for an equal increment in the x-direction. As a 
result, the fluid flow transit times increase from the 
centerline to the periphery. At early times, this is 
coupled with a uniform mass transfer rate near the 
inlet resulting in more mass transfer to the tissue in 
areas away from the centerline. This effect will 
decrease the fluid concentration rapidly in the area 
close to the periphery. Further downstream, the low 
fluid concentration at the periphery results in a 
decreased mass transfer rate. At later times, the areas 
of slower flow rate become enriched with the chemical 
species and this allows the tissue downstream to 
experience higher fluid concentration. Thus, the mass 
transfer rate is increased significantly downstream. 
Figures 3-10 demonstrate that the mass transport 
process from the fluid perfusing the liver acinus into 
the cells is a time-dependent phenomena. The results 
show clearly that the species concentration in the tis- 

FIG. 8. Plot of isoconcentration lines in the tissue for step 
change in inlet concentration at 1 .O dimensionless time. 

sue is multi-dimensional with a distribution that 
changes as a function of time. Even so, the mass 
transfer to the tissue does not increase significantly 
near the outlet because the tissue concentration in that 
area does not show a significant difference between 
the periphery and the centerline. This would account 
for the near uniform concentration observed in this 
region in Fig. 9. The process of chemical species 
accumulation by the tissue, however, takes time and 
the concentration in the effluent does not always 
reflect this delay. 

Figure 11 is a plot of the effluent concentration vs 
time following a step input. This curve is very similar 
to those observed from both experimental data 
(unpublished results) and results simulated from other 
models [9]. Note that the effluent concentration is 
really a composite of the different fluid concentrations 
at the outlet of the acinus. Thus the complexity of the 
multi-dimensional transient mass transfer process in 
the liver, observed in Figs. 3-10 is not always reflected 
by the effluent concentration. 

CONCLUSION 

The goal of this paper was to introduce a new 
concept in modeling fluid flow and mass transfer in the 
liver utilizing principles from porous media theory. 
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dimensionless x* 

FIG. 9. Plot of dimensionless fluid concentration vs dimensionless x* along radial lines A and C at 0.1, 
1.0, and 2.0 dimensionless time. The different line styles represent values along radial line A and radial 

line C. 

We illustrated this new concept by applying it to a 
two-dimensional representation of the liver acinus. 
The results indicated that fluid flow through the acinus 
is not one-dimensional and not at a constant velocity 
as proposed by other models. Rather fluid flow in the 
acinus is a complex multi-dimensional flow with a 
wide variation in velocities.This affects the mass trans- 
fer process in the liver acinus resulting in a multi- 
dimensional transient chemical species distribution in 
both the tissue and the perfusing fluid. The results 

from this study provide a better understanding of the 
effects of hydraulic permeability on fluid flow and the 
mass transfer process. 

This work is an initial step in the modeling of fluid 
flow and mass transfer in the liver acinus. Even though 
a two-dimensional model has illustrated the com- 
plexity of the acinus, a three-dimensional model will 
eventually be needed in order to provide a more 
complete understanding of fluid and mass transfer 
at this level. A complete understanding of the distri- 

-0 
e.e 

I I I . . . . . . . ...! . . .._.. 
a.0 0. I a.2 0.3 8.4 8.5 8.6 8.7 0.9 0.9 I .0 

dimensionless X* 

FIG. 10. Plot of dimensionless tissue concentration vs dimensionless x* along radial lines A and C at 0. I, 
1.0, and 2.0 dimensionless time. The different line styles represent values along radial line A and radial 

line C. 
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FIG. 11. Plot of the effluent concentration vs dimensionless time 

bution of the liver acinii throughout the liver is also 

needed. 
This paper presented a simple diffusion mass trans- 

fer process across the cell membrane governed by 
Fick’s law. There are many other modes which can be 
incorporated into the model with relative ease. For 
example, these modes can include mass transfer rates 
determined by metabolism or irreversible thermo- 
dynamics. 

Further work in this area will require analysis of a 
three-dimensional geometry of the hepatic acinus, a 
distribution of the acinii within the liver, and a more 
general mass transfer law. Once this is accomplished, 
this model can be a powerful tool in determining 
chemical species distribution throughout the liver and 
in understanding further the hepatic uptake process. 
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UN MODELE MULTIDIMENSIONNEL DE QUANTITE DE MOUVEMENT ET DE 
TRANSFERT DE MASSE DANS LE FOIE 

R&sum-n introduit un nouveau concept dans la modtlisation multidimensionnelle de l’ecoulement 
fluide et du transfert de masse dans le foie en utilisant la theorie des milieux poreux. A partir de ce modele, 
on obtient une distribution de pression et de vitesse pour le fluide en microvasculation. Les vitesses du 
fluide sont alors introduites dans une equation multidimensionnelle de la concentration des especes 
chimiques. Une distribution de la concentration des esp&ces chimiques dans le fluide et le tissu est alors 
dtterminee en utilisant une equation qui d&t le mecanisme de transfert de masse a travers la membrane 
de la cellule. Pour determiner la sensibilite du modele, on conduit quelques etudes parametriques qui 
incluent les effets de l’architecture vasculaire sur la distribution de pression et de vitesse, et la rtponse a un 

changement en echelon de la concentration des especes chimiques a l’entree. 

EIN MEHRDIMENSIONALES MODELL DES IMPULS- UND STOFFTRANSPORTS IN 
DER LEBER 

Zusammenfassuog-Diese Arbeit stellt ein neues Konzept zur Darstellung mehrdimensionaler Strijmungen 
und des Stofftransports in der Leber vor. Kenntnisse iiber das Verhalten poroser Medien werden verwendet, 
urn die Druck- und Geschwindigkeitsverteilung in der MikrogefiiBstruktur zu berechnen. Die Fluid- 
geschwindigkeiten werden in die mehrdimensionalen Erhaltungsgleichungen filr die StoITkonzentration 
eingesetzt. Mit einer weiteren Gleichung, die den Stofftransport durch die Zellmembran beschreibt, wird 
die Verteilung der StoBkonzentrationen in der Fliissigkeit und im Gewebe bestimmt. Verschiedene 
Parameter-Studien werden durchgefilhrt, urn die Sensibilitiit des vorgestellten Modells zu bestimmen. Dabei 
werden die Einliisse der GefaBArchitektur auf Druck- und Striimungsverteilung sowie die Reaktionen auf 

schrittweise Anderungen der StofIkonzentrationen beriicksichtigt. 

MHOI-OMEPHAII MOAEJIb HEPEHOCA WMITYJIbCA M MACCbI B I-IEgEHM 

Ammaumi-Qencraaneaa HABIB no~enwa ~owmipo~a~m~ hnioroMepnor0 reqmin ~sinrcocrri w 
Maccone@Hoca B ne¶eH& oCHOB(LHAan Ha nOnOFXeHHRx TCOpEE nOpHCTblxCpe&C nOMOUJbH) I-IpeJU'IO- 

XeHHOii MOAeJlH nOJQ'¶eEIU ~cnpeneneHIlX WEUIeliEx E CKOpoCTE XCIilWOmr B MEKpoCOCylUKTOii 

cacreMe.Ha&neHaare3~a~eHas~o~~ocranoncraBnmoTCnsaTeM nM~orohtepHoeypaaHemie 

~X~He~xxaMs¶~~~m~B.~~CH~01Ib30BBHHeM~aBHeHHa,O~CsrMlomerOnpO~~MaC- 

ConepeHoCa qepe3 uIeTop~yl0 MeM6pany, paccnsirarnaercn pacnpeneneae rorinesrzpamin x~hm~ec~~x 

eem~BgBgl[OCTB.~ycfaAonne~~eI8a~OCMMOAenanpose~eHp&gHccne~OsaHHiS,B~- 

¶alomHX aHaJm3 BJnixHmlCTpyxTypbl CoCyJlOB,a Taxxe cryneanaTor0 H3MeHemw Ha‘WlbHOii EOHUeHT- 


